A partition is called an (s 1 , s 2 , . . . , s p )-core partition if it is simultaneously an s i -core for all i = 1, 2, . . . , p. Simultaneous core partitions have been actively studied in various directions. In particular, researchers concerned with properties of such partitions when the sequence of s i is an arithmetic progression.
Introduction
A partition λ of n is a non-increasing positive integer sequence (λ 1 , λ 2 , . . . , λ ℓ ) such that the sum of all λ i is equal to n. For a partition λ of n, the Young diagram of λ is a finite collection of n boxes arranged in left-justified rows, with the ith row having λ i boxes. The hook length of a box in the Young diagram of λ is defined to be the number of boxes weakly below and strictly to the right of the box. Figure 1 shows the Young diagram of λ and the hook lengths of each box. For a positive integer s, a partition λ is an s-core (partition) if it has no box of hook length s. Referring to the Figure 1 , we can easily verify that λ = (5, 4, 2, 1) is an s-core for s = 5, 7, or s ≥ 9. For a sequence (s 1 , s 2 , . . . , s p ) of distinct positive integers, we say that a partition λ is an (s 1 , s 2 , . . . , s p )-core if it is simultaneously an s 1 -core, an s 2 -core, . . . , and an s p -core. There has been considerable interest in recent years in core partitions, which have applications in representation theory and number theory. Since the following result of Anderson [2] , many researchers found results on (s, t)-core partitions (see [3, 5, 8, 9, 10, 11] In particular, the number of (s, s + 1)-core partitions is the sth Catalan number C s = 1 s+1
Going further, researchers considered simultaneous core partitions when the sequence of s i forms an arithmetic progression (see [1, 4, 6, 16, 17, 18] ). Recently, the authors [7] enumerated the (s, s + d, . . . , s + pd)-core partitions by giving a lattice path interpretation.
A free rational Motzkin path of type (s, t) is a path from (0, 0) to (s, t) consisting of up steps U = (1, 1), down steps D = (1, −1), and flat steps F = (1, 0). We denote the set of all free rational Motzkin paths of type (s, t) by F (s, t). In addition, if a free rational Motzkin path of type (s, t) is allowed to stay only weakly above the line y = x, then it is called a rational Motzkin path of type (s, t). 
where r = min(k − 1, ⌊(s − 2k)/(p − 2)⌋).
For a partition λ, the conjugate of λ is the partition whose Young diagram is the reflection along the main diagonal of the Young diagram of λ. A partition whose conjugate is equal to itself is called self-conjugate. Some researchers have considered with self-conjugate simultaneous core partitions whose cores line up with an arithmetic progression. We denote the set of all self-conjugate (s, s + d, . . . , s + pd)-core partitions by SC (s,s+d,...,s+pd) . Ford-Mai-Sze [11] first investigated self-conjugate (s, t)-core partitions and obtained the following result. 
which counts the number of symmetric Motzkin paths of length s.
The authors also suggested a conjecture about a relation between the set of self-conjugate (s, s + 1, . . . , s + p)-core partitions and the set of symmetric (s, p)-generalized Dyck paths (see [6, 17] for the definition of symmetric (s, p)-generalized Dyck paths). This conjecture was recently proved by Yan-Yu-Zhou [17] . 
As there was no known result on self-conjugate (s, s+d, . . . , s+ pd)-core partitions with d ≥ 1 so far, we investigate some properties about them. This paper is organized as follows. In Section 2, we first introduce the "(s + 
The (s + d, d; a)-abacus diagram
Let λ be a partition. The s-abacus of λ, introduced by [13] , has played important roles in the theory of core partitions (see [3, 8, 9, 14, 15] ). In [7] , the authors introduced the (s+d, d)-abacus of λ, which is useful for determining whether λ is an (s, s + d, . . . , s + pd)-core. Now, we slightly modify the (s + d, d)-abacus of λ to get an abacus, which is useful when we deal with self-conjugate (s, s + d, . . . , s + pd)-core partitions. Note that if λ is a self-conjugate partition, then elements in MD(λ) are all distinct and odd, where MD(λ) denotes the set of the main diagonal hook lengths of λ. Let Z denote the set of all integers. 
If s is even, a is supposed to be −s − d so that −2s − 2d + 2d( j 1 + j 2 ) is a multiple of 2(s + d). It follows that d( j 1 + j 2 ) are multiples of s + d. Since s and d are relatively prime, the only possibility is that
This completes the proof of the claim. From the claim we have that, for every odd integer h, there exists j ∈ {0, 1, . . . , ⌊(s 
Corollary 2.4. If λ is a self-conjugate (s, t)-core partition, then s + t MD(λ).

Proof. We may assume that s < t. Suppose that s + t ∈ MD(λ), it follows from Proposition 2.3 (a) that t − s ∈ MD(λ).
But this gives a contradiction to Proposition 2.3 (b) since (s + t) + (t − s) = 2t. Thus, s + t MD(λ).
(a) If a bead is placed on position (i, j) such that i > r( j), then a bead is also placed on each of positions
(i − 1, j), (i − 2, j), . . .
, (r( j), j). (b) If a bead is placed on position (i, j) such that i < r( j) − 1, then a bead is also placed on each of positions
(i + 1, j), (i + 2, j), . . . , (r( j) − 1,
j). (c) A bead can be placed on at most one of the two positions (r( j), j) and (r( j) − 1, j).
Proof. Fix a column number j.
In a similar way, we also have a
Hence, a bead is placed on positions
In a similar way, we also
the sum of those two numbers is 2(s + d). Therefore, a bead can be placed on at most one of the positions (r, j) and (r − 1, j). 
(a) Since position (0, 0) is labeled by a = −s (resp. a = −s − d) when s is odd (resp. even) and position (1, 0) is labeled by s + 2d (resp. s + d), both of positions are spacers and r(0) = 1. It follows from Lemma 2.5 that there is no bead in column 0. Hence,
Suppose that a bead is placed on position (i, j) so that it is labeled by a positive integer. We first show that In any case, it follows from the definition of f that
is a spacer. Therefore, position (i + 2, j − 1) is a spacer by Proposition 2.3 (a) as λ is an s-core. Hence,
Now, suppose that position (i, j) is a spacer so that it is labeled by a negative integer. Since position (i − 1, j − 1) is labeled by a negative integer, it is a spacer as λ is an (s + 2d)-core. Therefore,
To complete the proof, we assume that
is labeled by a positive integer, then a bead is placed on this position by Lemma 2.5 (a). In this case, either a bead is placed on position (i + 1, j) being labeled by a positive integer or position (i + 1, j) is a spacer being labeled by a negative integer by Proposition 2.3 (a) and (b) as λ is an s-core. It contradicts to f ( j) = i. Otherwise, if position (i + 2, j − 1) is labeled by a negative integer, then it is a spacer. Therefore, position (i + 1, j) is a spacer by Proposition 2.3 (a). Also, it contradicts to 
It follows from Lemma 2.5 that there is at most one bead which is labeled by
is a spacer because it is labeled by −2s − (2k 
is labeled by 2s + d, and position (
is labeled by −2s − 3d. By Corollary 2.4,
It follows from Lemma 2.5 that there is at most one bead which is labeled by −d in column (s 
Free rational Motzkin paths of type (s, t) with restrictions
In this section, we give a lattice path interpretation of self-conjugate (s, s + d, . . . , s + pd)-core partitions. −1) , and flat steps F = (1, 1). Since f (0) = 0 by Proposition 2.6 (a), f (⌊s/2⌋ + ⌈d/2⌉) = −⌈d/2⌉ by Proposition 2.7 (a), and our first setting,we conclude that φ (s+d,d) (λ) is a free rational Motzkin path of type (⌊s/2⌋ + ⌈d/2⌉), −⌈d/2⌉). Hence, the mapping φ (s+d,d) is well-defined. We note that it is possible that the two paths φ (s 1 +d 1 ,d 1 ) (µ) and φ (s 2 +d 2 ,d 2 ) (ν) are the same, while φ (s+d,d) is injective for fixed s and d.
In Remarks 2.9, 2.12, and 2.15, for given appropriate integers s, d, and p, we showed that there is a one-to-one correspondence between the set SC (s,s+d,...,s+pd) and the set of functions f with necessary conditions. Now, we are ready to prove our main result.
Proof of Theorem 1.7. It is clear that φ (s+d,d) (λ) ∈ F (⌊s/2⌋ + ⌈d/2⌉, −⌈d/2⌉) for λ ∈ SC (s,s+d,...,s+pd) . By Proposition 2.6 (c), p ≥ 3 and
We now give a proof of (a). By Proposition 2.
Note that (b) and (c) can be proved in a similar manner by Propositions 2.10 (b) and (c), and 2.13 (b) and (c), respectively. Example 3.1. Figure 5 shows the corresponding free rational Motzkin paths associated with the ( s + d, d ; a)-abacus functions of the self-conjugate partitions λ, µ, and ν in the previous examples. Let P = φ (25,4) (λ). Then P = FDUFFUDDDDUF ∈ F (12, −2) is a path satisfying that i) P starts with no U, ii) P ends with no U or UF, iii) P has no UU or UFU as a consecutive subpath. Similarly, one can check that that φ (26,3) (µ) = φ (25,3) (ν) = FDUFFUDDDDUFF ∈ F (13, −2) satisfy conditions given in Theorem 1.7.
From Theorem 1.7, we easily get the following result. 
. , s + p)-core partitions with m corners
For a partition λ, the number of corners in the Young diagram of λ is equal to the number of distinct parts in λ. Huang-Wang [12] proved that the number of (s, s + 1)-core partitions with m corners is equal to the Narayana number N(s, m + 1) = 1 s s m+1 s m , and the number of (s, s + 1, s + 2)-core partitions with m corners is equal to s 2m C m , where C m is the mth Catalan number. In [7] , the authors extended this result. (SC (s,s+1,...,s+p) ). Recall that, for positive integers s and p ≥ 2, the set F(s, p) consists of paths P ∈ F (⌊s/2⌋ + 1, −1) satisfying that i) P has no UF i U as a consecutive subpath for all i = 0, 1, . . . , p − 3 if p ≥ 3, ii) P starts with no
; iii) P ends with no UF k for all k = 0, 1, . . . , p − 2 when s is even (resp. odd). As a corollary of Theorem 1.7, we have a one-to-one correspondence between the set SC (s,s+1,...,s+p) and the set F(s, p). In this subsection, we refine this oneto-one correspondence according to the number of corners in a self-conjugate (s, s + 1, . . . , s + p)-core partition. For A ∈ {F, D}, let F A (s, p) denote the set of paths in the set F(s, p) for which ends with a step A. • When
Hence, the paths can be written as
In this case, the paths can be written as
We now suppose that position (i, j) is labeled by −d 1 so that position (i, j + 1) is labeled by −(d 1 − 2).
•
This completes the proof. F F (s, p) ). To prove the remainder of the theorem, we claim that if λ is a self-conjugate (s, s + 1, . . . , s + p)-core partition with an even (resp. odd) number of corners, say m, then its corresponding path P = φ (s+1,1) (λ) has r − m (resp. r − m + 1) flat steps. We prove the claim by using induction on |MD(λ)|. Let f be the (s + 1, 1; −2r − 1)-abacus function of λ.
If |MD(λ)| = 0, then λ is an empty partition so that it has 0 corner. Since there is no bead on the (s + 1, 1; −2r − 1)-abacus of λ, f ( j) = 0 for all j except f (r + 1) = −1. Hence, the path P = F · · · FD has r − 0 flat steps as we claimed. We now consider the case with |MD(λ)| = 1. Let λ be a self-conjugate (s, s + 1, . . . , s + p)-core partition with MD(λ) = {d}. We note that d is less than 2s, because that d − 2s ∈ MD(λ) otherwise. λ has m corners and its corresponding pathP has r − m (resp. r − m + 1) flat steps if m is even (resp. odd) by the induction hypothesis. It follows from Lemma 3.6 (a) that P also has r − m (resp. r − m + 1) flat steps if m is even (resp. odd). When d 1 > d 2 + 2,λ has m − 2 corners and its corresponding pathP has r − m + 2 (resp. r − m + 3) flat steps if m is even (resp. odd) by the induction hypothesis. It follows from Lemma 3.6 (b) that P has r − m (resp. r − m + 1) flat steps if m is even (resp. odd). This completes the proof of the claim.
In particular, we obtain a formula for the number of self-conjugate (s, s + 1, s + 2)-core partitions with m corners. Proof. Let r = ⌊s/2⌋. By Theorem 3.7, if m is even (resp. odd), then the number of self-conjugate (s, s + 1, s + 2)-core partitions with m corners is equal to the number of free rational Motzkin paths of type (r + 1, −1) with r − m (resp. r − m + 1) flat steps for which ends with a down (resp. flat) step. Now, we enumerate these Motzkin paths.
When m = 2k, each of the paths consists of k up steps, k + 1 down step, and r − 2k flat steps and ends with a down step. Therefore, the number of such paths is 
